Motivated by the recent progress on gravity duals of supersymmetric Chern-Simons matter theories, we consider classical membrane solutions in AdS 4 × M 1,1,1 . In particular, we present several types of exact solutions rotating in the Sasaki-Einstein 7-manifold whose isometry is SU (3)× SU (2) × U (1). We analyze the limiting behavior of macroscopic membranes and discuss how one can identify the dual operators and the implications of our result on their conformal dimensions.
I. INTRODUCTION
Recently we have seen great progress on our understanding of field theory duals for various AdS 4 backgrounds in string or M-theory. Most notable is the discovery of N = 6 supersymmetric Chern-Simons-matter theories which provide conformal field theory duals for AdS 4 ×S 7 /Z k [1] . This three-dimensional field theory has U (N )×U (N ) gauge symmetry with Chern-Simons (CS) kinetic terms of quantized level (k, −k). The interaction is also described by a quartic superpotential. In fact, as a quiver guage theory the data is exactly the same as the well-known conifold theory in four-dimensions [2] , apart from the extra information on CS levels.
It is an important issue how to generalize this duality to other backgrounds AdS 4 × Y 7 .
In this paper, we are particularly interested in the examples which preserve N = 2, or eight supercharges. Mathematically Y 7 is then required to be Sasaki-Einstein, and we choose the so-called In order to establish the duality relation, we need the Kaluza-Klein spectrum of 11-dimensional supergravity on M 1,1,1 . It is computed in [4] , and a three-dimensional quiver gauge theory was proposed as the dual of AdS 4 ×M 1,1,1 in [5] , but a consistent superpotential could not be written down. Now with the new insight of Chern-Simons theories without the usual second-order Maxwell-type kinetic terms, we have a more reliable candidate. The CS duals have been given for a general class of the so-called Y p,q (CP 2 ) metrics [6, 7] . For our interest here the relevant one has gauge symmetry U (N ) 3 with CS levels (k, k, −2k). The dual geometry is conjectured to be orbifolds AdS 4 × M 1,1,1 /Z k . A cubic superpotential, with conformal dimension two, is written in terms of the nine bifundamental chiral multipelts.
The AdS/CFT duality relation implies that the M-theory spectrum in AdS 4 × M 1,1,1 /Z k gives the space of gauge singlet operators on the quiver gauge theory side. Instead of trying to quantize the supermembrane theory in a curved background, one can study classical membrane solutions and compare the result to field theory operators with large conformal dimensions. This is the strategy advocated first in [8] for AdS 5 × S 5 , and has been extensively used in the study of AdS/CFT relations. Quantitative results for non-supersymmetric solutions lead to very non-trivial checks of the duality between the IIB string background and N = 4 super-Yang-Mills theory in four dimensions. For a review of related works, we refer the readers to [9] [10] [11] .
The energy and angular momenta of the membrane theory correspond to the conformal dimension and global charges on the field theory side, respectively. We will consider various spinning membranes in AdS 4 × M 1,1,1 background, and when the energy becomes large, they are expected to give the conformal dimension of very long operators. Membranes rotating in AdS 7 × S 4 are studied in [12] . It is also extended to AdS 4 × S 7 , AdS 4 × Q 1,1,1 and various warped backgrounds in [13, 14] . More papers devoted to exact membrane solutions in AdS 4 × S 7 or the IIA background AdS 4 × CP 3 can be found in [15, 16] .
In order to concentrate on the novelty of the new duality pair, we will consider membranes moving entirely in M 1,1,1 . Since the seven-dimensional internal space is described by the scalar fields via duality, the rotating membranes then correspond to pure-scalar operators.
The data of angular momenta help us identifying the dual operators, and the energy tells us how big is the anomalous dimension.
This article is organized as follows. In Sec. II, we review the duality proposal for AdS 4 × M 1,1,1 /Z k and discuss the identification of supersymmetric operators and KaluzaKlein modes. In Sec. III we present the gauge fixed membrane action, mainly to setup the notation. In Sec. IV A we consider particle-like solutions and discuss their identification as BPS operators. Sec. IV B is the main part where we present explicit multi-spin membrane solutions and discuss their field theory duals. We conclude in Sec. V. -supersymmetry. The metric is given as follows,
II. M-THEORY ON AdS
As a configuration of 11 dimensional supergravity, the solution carries 4-form field strength over Vol(AdS 4 ). But for the specific type of membrane solutions we will consider, we can ignore the coupling to gauge field and concentrate on the metric only.
L is the radius of curvature for AdS 4 , and we have adopted the global coordinate above. 
The above metric for M 1,1,1 obviously has isometry group SU (3) × SU (2) × U (1). The . SU (2) part of the isometry is then broken to U (1).
The Chern-Simons dual of AdS 4 × M 1,1,1 was proposed in [6] , and can be summarised by a quiver diagram Fig. 1 . We have U (N ) × U (N ) × U (N ) gauge group which is denoted as three nodes in the quiver diagram. The lines connecting two nodes represent chiral multiplets which are in bifundamental representations of the two relevant gauge groups. It is essential to note that the CS levels are not given symmetrically, and take values (k, k, −2k). We also have superpotential,
The duality can be justified with the help of toric geometry. The mesonic vacuum moduli space, which is determined by the usual D-term and F-term flatness conditions, is a toric variety and equivalent to the cone over the orbifold M 1,1,1 /Z k [6, 7, 17] . Of course, for k = 1 the vacuum moduli space has an enhanced isometry group SU (3) × SU (2) × U (1).
provide three fundamental representations of SU (3). The SU (2) broken by the orbifold is manifest in the quiver diagram.
The spectrum of chiral operators should be consistent with the Kaluza-Klein reduction of the 11-dimensional supergravity on M 1,1,1 /Z k . Chiral operators in the quiver gauge theory Fig.1 , with k = 1 were studied in Ref. [18] . For pure-scalar operators, we have a simple task of classifying holomorphic expressions of the nine complex scalar fields, up to the F-term condition,
One can start with the simplest gauge singlet operators,
There are three SU (3) indices, but the F-term condition forces total symmetrization of l, m, n, so these dimension 2 operators are in 10 of SU (3). In order to construct SU ( The above spectrum of chiral operators is consistent with the Kaluza-Klein analysis [4, 5] .
As N = 2 supergravity in four dimensions, there exist hypermultiplets -the ones appearing in Eq.(6.14) of Ref. [5] -which are totally symmetric rank-3n representation of SU (3) and spin-n in SU (2). Through the AdS/CFT prescription, they have conformal dimension 2n. In the duality proposal of Fig. 1 , the dual operators are constructed with 3n-th order monomials of the scalar fields, and taking the trace.
III. THE MEMBRANE ACTION
For the membrane action, we will use the form developed and utilized by Bozhilov [19] .
Since we will consider classical solutions which in our ansatz do not couple to the background 3-form field, we will just consider the bosonic part and ignore coupling to the gauge field, for simplicity. For more details see Refs. [15, 19] .
We can start from the Polyakov-type action
where γ mn is the auxiliary worldvolume metric and γ = det γ mn . G mn is the induced metric,
where m, n = 0, 1, 2 and M, N = 0, 1, · · · , 10. g M N is the background metric, which will be AdS 4 × M 1,1,1 for us in this paper.
The variation with respect to γ mn leads to constraint
It immediately follows that γ mn = G mn , and if we plug it back to Eq. (8) we arrive at the Nambu-Goto action
From the Nambu-Goto action, the generalized momenta are written as
One can then easily check that P M satisfy the following constraints (i = 1, 2.)
The canonical Hamiltonian is simply zero, thanks to the constraints. In order to switch to Hamiltonian description, we thus need to follow Dirac's prescription and take a linear combination of the first class primary constraints C m .
From the Hamiltonian equation of motion, we have
We can now obtain an alternative form of Polyakov-type action if we perform the Legendre transformation once more,
Varying this action with respect to λ k , we obtain the constraints:
We can work in the gauge, λ i = 0, λ 0 = const [15] . Then G 0i =0 and the worldvolume metric takes a block-diagonal form, and the action is simplified as
This is the form of the gauge-fixed membrane action we will use in this paper. The equations of motion derived from Eq. (19) should be compatible with the the following constraints,
IV. MEMBRANES ROTATING IN M 1,1,1 AND THEIR ANGULAR MOMENTA
Let us now present the ansatz we will use for the spinning membrane solutions. In the action Eq. (19) , the coordinates of the 11 dimensional spacetime are treated as fields on three dimensional worldvolume coordinates τ, σ 1 , σ 2 . We will be using the static gauge and identify as t = κτ . The motion is in M 1,1,1 only, so we will set other coordinates of AdS 4 to constants, i.e. ρ = ϑ = ϕ = 0. This setup is consistent with the action and constraints, and we effectively have membrane motion in R × M 1,1,1 , with metric (apart from the scale factor L)
To describe rotations, we will give linear τ -dependence for azimuthal angles, and set
And for polar angles µ,θ and θ, we assume they do not have τ -dependence, like µ(σ 1 , σ 2 ).
With this choice, we can readily write down several constants of motion. They are momenta conjugate to those coordinates with linear τ -dependence, and it is natural to call them E, J ψ , Jψ, Jφ, J φ . It is easy to infer that E gives conformal dimension, J ψ gives Rcharge, and J φ gives the spin quantum number of SU (2) global symmetry, for the dual operators in the field theory.
Maybe it is not immediately clear how the SU (3) angular momenta Jψ and Jφ give the weight vector of a given state. Let us follow the the standard convention and define the Cartan subalgebra with Gell-mann matrices
for the fundamental representation. Then it turns out that we can relate Jφ with λ 3 , and
Jψ − 2J ψ with λ 8 . This adjustment will be justified when we study particle-like solutions.
Below we record the expressions for various conserved quantities of spinning membrane
A. Particle-like solutions and their dual operators
We can start by considering rotating particle solutions. When we endow only τ -dependence to the coordinates, the action and the constraint equations become equivalent to that of geodesic motion. More concretely, Eq. (20) . When µ = 0, the value ofθ is irrelevant, since the S 2 embedded in
, we can chooseθ = 0 or π. With θ, we always have a choice between 0 and π.
For instance, we can match the different particle-like solutions with vectors in some totally symmetrized tensor representations of SU (3) × SU (2) as follows. Let us start with SU (3), and assume the first two entries of the fundamental representations describe the position in S 2 parameterized byθ,φ. We can then assign
where e 1 = (1, 0, 0) T , e 2 = (0, 1, 0) T , e 3 = (0, 0, 1) T . The SU (2) part is easy. We can interpret orbits at θ = π (0) as direct products of spin-up (spin-down) states.
We are now ready to give the dual operators for various particle-like solutions. For the lowest nontrivial chiral operators, Eqs. (6) and (7) explain how they constitute (10, 3) representation. It is straightforward to generalize to long operators and match them against classical point-like solutions. First,
This assignment (or the definitions given in Eqs. (26) to (29)) is justified when we calculate the conserved charges. As it is usual with supersymmetric solutions, one can verify that the conserved charges are given by the energy: we find R = ∆, Q 3 = This duality mapping works also with other solutions: we have
with the BPS relation R = ∆,
. Finally, when we consider membranes located at the south pole of CP 2 , we can match
and check R = ∆, Q 3 = 0,
. For all the three examples given above, we can switch to lowest weight states of SU (2), by choosing θ = π. Then one needs to change
, and use e ia X 
, and it is obvious that even without the constraints Eq. Our survey has resulted in three physically distinct cases where one can consistently reduce the membrane equations of motion into that of an auxiliary one-dimensional mechanical system. All of them are in general extended both in CP 2 and CP 1 , and have multiple nonvanishing angular momenta. We provide the concrete ansatze for the angles in the below.
We can always give non-vanishing angular velocity for ψ = ζτ . For other azimuthal angles likeψ,φ, φ, it is needed to set some of their velocities to zero, depending on the ansatz. We only specified the ones which have to vanish. ,θ(σ 2 ), θ=nσ 1 ; ω=0.
Case 3. Rotation in CP 1 only: µ=nσ 1 /2,θ = 0 or π, θ(σ 2 ); ν 1 =ν 2 =0.
For each case, the motion can be described succinctly by the energy integral of an auxiliary mechanical system. For Case 1, Eq. (20) is reduced to
, e ≡ 2λ 0 T 2 L and the potential is given as
We here treat σ 2 as time, κ 2 as energy. We find we can set ζ = 0 or ν 1 = 0, without losing generality. The potential is given in terms of trigonometric functions, so we have a pendulum problem. The motion in σ 2 describes how the membrane is extended along the longitude of CP 1 . Due to the periodic boundary condition, n is integral, and the period of the motion θ(σ 2 ) should be 2π.
The reduction to a generalized pendulum motion is very analogous to the study of spinning strings [8, 10] . An oscillatory motion around θ = 0 can be interpreted as a folded string stretched along the longitude, around the north pole. For our membrane, since it is extended alongθ = nσ 1 as well, in total it takes the shape of a cylinder. When κ is large enough θ(σ 2 ) enjoys a revolving motion, and the membrane exhibits a toroidal shape.
For the 3 cases presented above, we have different variables (θ for Case 1 and 3,θ for Case 2) and different masses (3n 2 e 2 /64 for Case 1) for the pendulum. If we denote the dynamical variable by x, the potential function assumes the following form:
For easier reference we provide the essential information for the reduced membrane equations in Table I .
In general the solutions will involve elliptic integrals. In fact the same type of potentials have appeared in the study of rotating strings in the conifold [20, 21] , and one can apply Case 3 θ Eq. (38) and extension to more general solutions analogous to giant magnons [22] will be reported in a separate publication.
If we set ω = 0 in Eq. (37) the potential becomes a constant and we have a particularly simple solution, θ = mσ 2 with m ∈ Z. The same solutions are obtained if we set ν 2 = 0 in Case 2. Similar but physically distinct solutions are given from Case 3 if we set ω = 0. Both of these solutions uniformly wrap two polar angles, and we will call them toroidal rotating membranes. Below we will consider such single-spin membranes and provide the dual gauge theory interpretation. After that, we will consider cases where a = 0.
Toroidal rotating membranes
• On the equator of CP 2 :
For this class of solutions we have ν 2 = ω = 0. And without losing generality we can further set ν 1 = 0. Among the seven coordinates of M 1,1,1 , we see that nontrivial ones are ψ = ζτ,θ = nσ 1 , θ = mσ 2 , and µ = π 2
. One can readily establish the following relationships between conserved charges,
where λ = (L 3 T 2 ) 2 , the 't Hooft coupling constant. Other angular momenta are given by R : Q 3 : Q 8 : J 3 = 1 : 0 :
Of course all these quantities are determined by the angular velocity, for instance R/ √ λ = ζ/8. If we fix the values of n, m and increase ζ, the dispersion relation Eq. (39) saturates the unitarity bound ∆ ≥ R. In that sense this type of solution with large ζ is near-BPS.
The dual operators can be easily inferred using the mapping explained in Sec. IV A.
R basically gives the length of the operator. J 3 = 0 implies we should put the same number of e −ia X 
There are many other gauge singlet operators with the same global charges, and the AdS/CFT correspondence predicts there exist eigenstates whose conformal dimension is given by Eq. (39). For SU (3), the state is made of e 1 , e 2 only, so we say they are along the equator of CP 2 .
• On the meridian of CP 2 :
Here again we set ν 1 = ν 2 = ω = 0, and µ = nσ 1 /2, θ = mσ 2 . We can set eitherθ = 0 or π, but for definiteness choose 0. Conserved charges are given as follows,
Between the angular momenta, one finds R : Q 3 : Q 8 : J 3 = 1 :
We can again identify the field theory operators dual to the above classical membrane 
The precise identification would again involve diagonalization of the dilatation operator ∆ on the field theory side. Since the states are made of e 1 , e 3 only in SU (3), we say they are along the meridian of CP 2 .
Folded/wrapped rotating membranes
Let us now move to the case of nontrivial potentials. For simplicity, we adjust the angular velocities so that the potential takes a relatively simple form,
To achieve that one sets ζ +3ν 1 = 0 for Case 1 and 2, and ζ = 0 for Case 3. For the problems at hand, we always find b 2 < c 2 .
With energy κ 2 , it is convenient to introduce a parameter y = κ 2 −b 2 c 2 −b 2 to describe the solutions. If 0 < y < 1, the motion is vibrational, while y ≥ 1 makes it rotational. As a membrane, a vibrational motion means the worldvolume is folded and only partly covers the longitude along θ orθ. In other words, the membrane is cylindrical in total. Rotational motion would on the other hand imply a toroidal shape.
We can express all conserved charges as a function of y. The energy ∆ is fixed if we impose the periodicity condition. For Case 1, the motion is determined by
From σ 2 ∼ σ 2 + 2π, we have
where y = 16κ 2 ω 2 − 1 = sin 2 θ 0 . K is the complete elliptic integral of the first kind, and see the appendix for our convention and some useful formulas. ∆ = √ λ κ can be now rewritten as
One can proceed to calculate all conserved quantities for the three cases. We record the 
results in Table II . The charges are all normalized by √ λ, we set n = 1, and all the elliptic integrals have an argument y.
The analysis for toroidal membranes with a nontrivial potential goes in a similar way.
Let us again illustrate it with Case 1. From the periodic boundary condition, we have
Then the energy is expressed as
The results for other cases and different charges are reported in Table III . One notes that Case 1 and Case 3 give identical results for toroidal membranes.
For both cylindrical and toroidal membranes, it is obvious that one can take the large energy limit in y → 1, where K(y), K(1/y) develop a logarithmic divergence. For Case 1 and 3, the normalized charges scale as
And for Case 2,
One can of course do better and expand ∆ in terms of J 3 or Q 3 , but we relegate the results as well as the details to the appendix. 
Since the unitarity bound ∆ ≥ |R| is not saturated asymptotically, the dual operators are not expected to be holomorphic. To help the identification, we quote here the dictionary of gauge/membrane correspondence.
All we can say about the dual operators is that their composition is such that the vanishing global charges cancel. For instance, R → 0 implies we should have the same number of X's asX's for infinitely long operators. Thus these states are far from supersymmetric, and it will be highly nontrivial to verify the correspondence by comparing the spectrum of the quiver Chern-Simons theory.
V. DISCUSSION
In this paper we have studied the classical membrane action in a nontrivial 11 dimensional background, AdS 4 × M 1,1,1 . The AdS/CFT correspondence implies classical solutions with large energy give an approximate description of dual field theory operators which are very long. A rigid configuration is required to rotate to satisfy the equation of motion, and the angular momenta in the internal space M 1,1,1 correspond to some global charges on the field theory side.
We have identified several types of multi-spin membranes, and have shown that the membrane equations are conveniently reduced to auxiliary mechanical problems of generalized pendulum. Using the recently proposed Chern-Simons quiver dual theory, we have provided the candidate dual operators. The spectrum of global charges agrees well with the membrane data, and we believe our analysis already renders strong support on the conjecture proposed in Refs. [6, 7] .
One can think of many avenues to expand from this work. We have identified the pendulum-like potentials in Table I First obtained from multi-spin strings [23] , it is well established that the same relation is also is homogeneous but non-toric, and the relevant M2-brane theory has been investigated in Ref. [25] . We hope to report on these problems in the near future. Using the q-series expansions we can eliminate the y (1/y) dependence of conserved charges in Table II (III) ) + · · · .
(A.14)
In the above, is 1(−1) for toroidal(cylindrical) membranes.
